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ABSTRACT 

Many theoretical calculations of subtle coherent effects in quantum mechanics do not 
carefully consider the interface between their calculations and experiment. Calculations for 
gedanken experiments using initial states not satisfied in realistic experiments give results 
requiring interpretation. Confusion and ambiguities frequently arise. Calculations for time- 
dependent mixing oscillations describe non-experiments. Physical experiments describe oscil- 
lations in space in the laboratory system resulting from interference between waves having 
the same energy and time dependence; not different momenta and space dependence. Time- 
dependent oscillations are not observed. 
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In recent kaon workshops, interesting theoretical questions arose which are however not 
directly related to practical experimental observables [1]. Good theoretical calculations with 
very interesting results are obtained from initial conditions which are not satisfied in any 
experiment. The results are correct. But some kind of cook-book recipe is needed to apply 
these results to the different conditions of a real experiment. 

Consider space and time dependence of neutral meson mixing. When a neutral kaon is 
produced in an experiment as a K° or K°, interference effects observed between the mass 
eigenstates Kl and Ks can be interpreted to give a an experimental value for the mass 
difference between these two states. However, confusion can arise if the the initial state is not 
defined to correctly describe the experiment. 

For example, in the reaction: 



a K beam with a definite energy collides with a proton target at rest, and the emitted 
neutron also has a definite energy. Energy conservation requires the K° to have a definite 
energy. When it is split into the Kl and Ks components with different masses, the two states 
have the same energy and different momenta. Waves with different momenta propagate with 
different wave numbers; their relative phase changes with distance. This gives an oscillating 
interference pattern whose measurement gives the value of the mass difference. 

This experiment measures an interference between two kaon states with the same energy 
and different momenta, not interference between two states with the same momenta and dif- 
ferent energies. Similar effects have been noted for neutrino oscillations [2,3]. However, most 
treatments of neutrino and neutral meson oscillations describe oscillations in time resulting 
from waves having the same momenta and different energies. These are "non-experiments" 
which are never performed in the laboratory and which require interpretation for application 
to real experiments. 

One can ask why one and not the other, since energy and momentum are both conserved. 
We first note that if both the energies and momenta of the initial state are known, then this is 
a "missing mass experiment" in which the mass of the outgoing kaon is determined uniquely 
by the momentum of the outgoing neutron, and there will be no coherence nor interference 
between the Kl and Kg waves. Coherence can occur only when the uncertainty principle 
introduces a sufficient error in the missing mass via the measurement of an observable which 
does not commute with energy or momentum. In a real experiment, as opposed to a gedanken 
non-experiment, position, not time is measured. In the reaction (1) the position of the proton 
in the initial state must be known with an error which is much less than the wave length A 
of the interference pattern to be measured. Thus there is an uncertainty in the momentum, 
which is 



This momentum uncertainty prevents a precise missing mass measurement and allows co- 
herence between the two outgoing kaon waves. There is also an uncertainty in the kinetic 



K~ + p -> K° + n 




5p » h/x 



(2a) 



2 



energy 



ST = (5p) 2 /2M 1 



(26) 



Because the energy uncertainty is second order in the small quantity Sp it is negligible. Thus in 
a practical experiment, energy conservation can be assumed, and the final state therefore has 
a definite energy. However, the two kaon components must therefore have different momenta. 

The difference in principle between energy and momentum coherence can be stated as 
follows: If no explicit time measurement is made, the components in the wave packet with 
different energies have different frequencies and all relative phases average out in time. The 
explicit measurement of a quantity which does not commute with momentum; namely the po- 
sitions of particles, measures a time-independent relative phase between the components in the 
wave packet with different momenta. The energy uncertainty (2b) can be taken into account 
in a more precise calculation by expanding the initial wave function in energy eigenstates, 
including the kinetic energy (2b) and combining the results for different energy eigenstates 
incoherently. 

The experiment is performed of course in the laboratory system. A center-of-mass system 
cannot be defined for this experiment. The center-of-mass system for the n — Kl component 
of the final state is not the same as the center-of-mass system for the n — K$ component. A 
theoretical treatment which begins with an initial state in the center-of-mass system and has a 
final state in which the Kl and K$ have the same momenta is describing a "non-experiment" . 
There is no simple way that a coherent state of Kl and Kg can be produced with the same 
momenta and different energies. 

Some insight into the basic physics is obtained from a simple exercise in quantum 
mechanics[4]: an experiment where a Kl beam passes through two regenerators separated 
by a distance d and enters a K$ detector. The question arises whether the two K$ amplitudes 
arising from the two regenerators are coherent. Since the masses of the Kl and K $ are differ- 
ent, there must be an energy or momentum transfer to the regenerator, and this can destroy 
the coherence. 

The answer is that the two amplitudes are coherent because of a "generalized Mossbauer 
effect" . The two regenerators are not free; they are bound to a table. The whole table takes 
up the recoil, providing momentum transfer with negligible energy transfer. The Kl and Kg 
waves thus have the same energy and different momenta. The binding of the regenerators to 
the table is crucial since the positions of the two regenerators must known with an error much 
smaller than the wave length to be measured. The regenerators are then bound in quantum 
states whose uncertainty in momentum is very much larger than the momentum transferred 
to the kaon beam by the regeneration. The kaon is thus "elastically scattered" from the 
apparatus with finite momentum transfer and negligible energy transfer. 

The probability of this elastic scattering is given by the well-known Debye- Waller factor 
exp(—k 2 (x 2 )) where k is the momentum transfer and (x 2 ) is the mean square deviation of 
the scatterer from its equilibrium position4]. This probability is very close to unity for any 
realistic experiment where position fluctuations are much smaller than the wave length of the 
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oscillation to be measured. In the general case this factor gives the probability of finding 
two components in the momentum-space wave function which differs by k in terms of the 
extension in configuration space of this wave function. Thus in all experiments where spatial 
oscillations between two neutral meson mass eigenstates are measured, the conditions required 
for a feasible experiment insure that pairs of states with different momenta and the same 
energy must be present in the wave function and these will give rise to a time-independent 
interference pattern in space. 

We now show in a simple example how the description of a time-dependent non-experiment 
can lead to ambiguities and confusion. Consider B — B oscillations in one dimension where CP 
violation and lifetime differences are neglected. The states \B°) and \B°) are equal mixtures 
with opposite relative phase of the mass eigenstates denoted by \Bl) and \Bjj) with masses 
denoted respectively by Ml and Mjj- 

\B°) = (1/V2)(\B L ) + \B H )); \B°) = (1/V2)(\B L ) - \B H )) (3) 



In an experiment where a B° is produced at x=0 in a state of definite energy E, the 
momenta of the Bl and Bjj components denoted by pl and pjj will be different and given by 



p\ = e 2 



Ml 



p\ = E 2 



M 2 H 



(4) 



Let \B°(x)) denote this linear combination of \Bl) and \Bjj) with momenta pi and pn which 
is a pure \B°) at x — 0. The \B°) and \B°) components of this wave function will oscillate as 
a function of x in a manner described by the expression 



(B° 


\B°(x)) 


2 


e ip L x _ e ip H x 


(B° 


\B°(x)} 




e ip L x _|_ e ip H x 



tan 



(PL ~ PH)x 



tan 



(m; 



Mfj)x 



2(pl+Ph) 



(5) 



These are just the normal B — B oscillations. 

Now consider the "non-experiment" often described in which a a B° is produced at time 
t=0 in a state of definite momentum p. The energies of the Bl and Bjj components denoted 
by Ei and Ejj will be different and given by 

E 2 L =p 2 + Ml E 2 H =p 2 + M 2 H (6) 

Let \B°(t)) denote this linear combination of \B£) and \Bjj) with energies El and Ejj which 
is a pure \B°) at t — 0. The \B°) and \B°) components of this wave function will oscillate as 
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a function of t in a manner described by the expression 



(B° 


\B°(t)) 


(B° 


\B°{t)) 



e iE L t _ e iE H t 



e iE L t _|_ e iE H t 



= tan^-^)=tan? 



(Mj - M H )t \ 
2{E L + E H ) ) 



(7) 



In order to compare this result with a real experiment in which the B mesons are detected 
by a detector at a point x it is necessary to convert the gedanken time dependence into a real 
space dependence. Here the troubles and ambiguities arise. One can simply convert time into 
distance by using the relation 

P ' (8a) 



x 



vt 



E 



t 



where v denotes the velocity of the B meson. This immediately leads to a result equivalent to 
the real experimental result (5), where the small differences between pi and pn and between 
Ei and Eh are neglected. 



(B° \B°(t)) 



[B°\B°(t)) 



tan z 



M H )t\ 



2(E L + E H )J 



tan 



(Ml 



M 2 H )x 



Ap 



(8b) 



However, one can also argue that the B^ and Bh states with the same momentum and 
different energies also have different velocities, denoted by vl and vh and that they therefore 
arrive at the point x at different times and in, 



p p 
x = v L t L = — ■ t L = v H t H = — -t H 
h,L &H 



(9a) 



One can then argue that the correct interpretation of the time-dependent relation for mea- 
surements as a function of x is 



(B° \B°(x)) 



(B°\B°(x)) 



.JiE^tL 



D iEntH 



-yiEhtL 



+ e 



iE H t L 



= tan^(^-^)=t^( 



(Ml - M H )x 
2p 



This differs from the relations (5) and (8b) by a factor of 2 in the oscillation wave length. If one 
does not consider the result of the real experiment but only the two different interpretations 
of the non-experiment, it is not obvious which of the two is correct. There are also questions 
regarding whether phase velocity or group velocity have been used in eqs.(8) and (9). All this 
confusion is avoided by the direct use of the result (5) of the real experiment. 
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One can attempt to avoid the ambiguity and give a unique recipe for the time-distance 
conversion by noting that the time constant of the exponential decay of these unstable neutral 
mesons provides unambigous time and length scales. Let t e and x e denote the points in time 
and space respectively where the initial state has decayed by a factor of e from its initial value, 



tp — "7" * „ _ « Xp — Dtp — _ tp — 1~ ' _ _ 

M' E M 



(10) 



where r denotes the natural liftime of the relevant decay in the rest system of the decaying 
state. This would be the Kg lifetime for kaon experiments and some mean lifetime for heavy 
quark states where the lifetime differences between mass eigenstates are very small. We neglect 
here small differences which are neglible in comparison with the factor of 2 between eqs. (8b) 
and (9b) which remains to be resolved. Substituting eqs. (10) into eqs. (5) and (7) gives 



(B°\B°(x e )) 



(B°\B°(x e )) 



tan 



(m; 



M H )x t 



tan 



(Ml - M h )t (M l + M H ) p_ 
2 ' (pl+Ph) ' M 



tan 



2 f(M L -M H )r 



(11a) 
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\B°(t e )) 


(B° 


\B°(te)) 



tan 



(M\ 



M 2 H )t e 



2(E L + E H ) 



tan 



(M L 



M h )t (M l + Mjj) E_ 
I (El + E H ) ' M 



tan 



2 {(Ml-Mh)t 



(lib) 



where we have set p, M, and E to the mean of the values for the two eigenstates. The results 
(11) agree with eq.(8b) and disagree with eq.(9b). They are also confirmed by the simple case 
of a decay at rest, where the phase is clearly (Ml — M#)t/2 for the case where the amplitude 
has decayed exponentially by a factor e. The results (11) have a simple and clear physical 
interpretation. They give the ratio between the imaginary and real parts of the eigenvalues 
of the mass matrix. These are the same for both the gedanken time-dependent experiment 
and the real space-dependent experiment. The argument leading to eq. (9b) does not have a 
well-defined meaning in terms of a definite experiment, either real or gedanken. It attempts 
to use the results obtained for the initial state of the gedanken experiment in the geometry of 
the real experiment. This evidently involves some double counting to account for the factor 
of two. 
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We immediately note the analogous implications for all experiments measuring B — B 
oscillations. Calculations for B — B oscillations in time describe non-experiments. Times 
are never measured in the laboratory; distances are measured. When correlated decays of 
two mesons will be measured in an asymmetric B factory, the points in space where the two 
decays will be measured in the laboratory, not the time difference which appears in many 
calculations. 

If the points in space where two correlated B decays occur are measured with sufficient 
precision to describe meaningful oscillations, the above discussion shows that this precision in 
position introduces a crucial momentum uncertainty. Calculations describing the real experi- 
ment directly are most simply performed in the laboratory system where interference occurs 
between waves having the same energy and different momenta. Waves with different energy 
are not coherent and cannot interfere if there is no explicit time measurement. 

Lorentz boosts are essentially useless; they mix uncertainties in momentum and energy 
and oscillations in space and time. Just as there is no unique definition of a center-of-mass 
system for the kaon experiment, there are no unique definitions of the center-of-mass system 
for the two B mesons, of the rest system of a given B meson or of a proper time for the 
observed decay. However, everything can be described simply in the laboratory, where the 
energy eigenstates can be well defined, different waves with the same energy are coherent and 
waves with different energies are incoherent. 

This confusion between distance and time measurements does not arise in measurements 
of single waves rather than interference between two nearly degenerate waves. There is no 
such ambiguity in experiments using a distance measurement to measure the lifetime of a 
mass eigenstate with a well defined velocity. The exponential decay in time in the rest frame 
of the mass eigenstate is easily transformed to an exponential in space in the laboratory. Here 
the uncertainties in momentum introduced by the uncertainty principle are negligible. This 
clearly applies to the kaon states where the mass eigenstates are easily separated. It also 
applies to D and B mesons in the approximation where the lifetime difference between the 
two mass eigenstates is neglected and a single exponential is measured. 

An oscillation frequency for neutral mixing is measured without a time dependence in 
experiments where the time integral of the oscillations is measured; e.g. when the decays of 
a state tagged initially as a B° oscillates between B° and B° and the relative numbers of B° 
and B° measured are effectively summed over space and time. This gives the ratio of the 
oscillation frequency to the exponential decay rate; i.e. the ratio of the imaginary and real 
parts of the mass matrix eigenvalues and is always the same in both space and time. 

This research is supported in part by grant no. 1-0304-120.07/93 from the German- Israeli 
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